
 

Completeness of Riemannian manifolds

M g Riemannian manifold connected p
V t

Define a distance on M as follow for any p qE M

dCp q inf f L y 8 co 13 M piecewisesmooth

et Mo p N1 q

FACT M d is a metric space

Q when is it complete as metric space

In fact there is a more differential geometric notion of

completeness

Def't e A Riem mfd Mng is geodesically complete

if any geodesic on M can be infinitely extended on both sides

ie defined on all of B

Examples
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breachtheorigincocoa no infinitetime

completionas
metricapace

ButNOTas
Riemmfds

NOTcomplete as metric grace NOTcomplete as metric grace

NOT geodesicallycomplete NOT geodesicallycomplete



3 BY f x 9 EIR yao

y NOT geodesically complete w r t Sflat
a BIT geodesically complete w rt

hyperbolic
metric Shyp yt dx'tdy

i y o

Hopf RinowTheorem Let CM g be a smoothRiemmfd

THEN thefollowing are equivalent

1 M g is geodesically complete
11Z M d is complete as a metric space

3 The exponentialmap at p e expp is well defined on
the wholeTpm for SOME pG M

4 The exponentialmap at p expp is well defined on

the wholeTpm for ALL pG M
If any of the aboveholds then

V Pig E M 7 minimising geodesic 8 co I
My

St No p 811 f and LCH dip q

Proof Hw Exercise


